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Motivation : Stability of samp

Hybrid problem : both continuous and discrete-time problem

z(t) A/D z(nT)
Continuous Converter

Process Controller

D/A + O-holder
ug(t) = u(nT) O W =1t w*(nT)

In a realistic case, ’U,d(t) — u(@)

Problems to solve:

*To ensure the stability of the process;

*Provide less convervative conditions to obtain an accurate upper-bound of T




e Votivation

Application to the stabilization problem

Consider a linear system of the form:

x(t) = Ax(t) + Bu(t) A and B can be constant, uncertain, ...
u(t) = Kx(tg), tp<t<tp4

What kind of sampling?

*Periodic

b1 —tp, =T

*Aperiodic (asynchronous)

bet1— e 7= 1
el s

o




BN
Outline

1. A time-delay modelling for sampled input

2. Review of existing results:
 Time-delay approach for periodic and aperiodic samplings
 Small gain and robust approaches
* Impulsive system approach
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DS Review of existing pap

A) An input delay approach

Interesting idea...

Mikheev et al. 88, Sobolev et al. 89. Astrom et al. 92 .

Sampled-data signal
(here with uniform sampling)
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u(t) = ug(ty) = ug(t — [t —tg]) = u(t — 7(¢))




WS Review of existing pape

A) An input delay approach

[ el:ard - hkik]

el O<mm ''''' < T(t)mal' '''''''''''''' _

Dependence on the bounds of the sampling period (possible to consider input delay)
Special case for TDS :  7(t) =1

Th 1: [Fridman et al, Auto. 2004]

Motivations:

For a given gain K, the closed-loop system is asymptotically stabl, for alI
1.Holds for both periodic

samplings whose period is less than 7,4, if there exist n x n matrices 0 < P

P>, P, 74, 75, Z3 and R > 0 that satisfy: and aperiodic Samplings
- . :
v 0 [ R [0 KZB 1P ] . and also additional input
: delay
where
e . . .. 2.Linear wrt. the system
B e A e e L 0 mRE | parameters A and B
T
v [ . OBK I; } . [ | OBK f; } - (TV systems, param.
i i - e unc. and sat.)

(V(t) = 2T Pra(t) + /2, [ly :i;T(s)R:T;(s)dsde)

but what about the conservatism??



2. Review of existing papers

A) An input delay approach
Consider the following example:

z(t) = { 8 —é.l ] z(t) + { —0%75 —1(?15 ] z(tr)

Theoretical bounds 1.729

Theorem 1 (aperiodic) 0.8696

mE====> Considerable conservatism
m===> Take into account aperiodic sampling
and « non linearities » (saturation)

mm==> Where does it come from?

Theorem 1 is not only dedicated to sampled-data systems
but also to systems with any input delays (i.e. constant delay)



DS Review of existing pap

1) An input delay approach

z(t) = —ax(t) — bx(t — h(t)) (1)

h(t) =t — kT pour kT <t<(k+1)T

Retard : hit)

Is asymptotically stable iff
l(l—{-g)e_QT—%) = siec 0
I1-bT| <1 sig=10

and, for h = cste O [0,1] iff (red area)

=== No equivalence between delay and sampling

IE===>> Requires more accurate analysis



. Review of existing papers

2) Small gain theorem approaches

Theorem 1 0.869
Mirkin, IEEE TAC 2007 1.365
(small gain theorem)

Fujioka, Automatica, 2009 (Th.2) 1.635

(Small gain theorem)




DS Review of existing papers

3) Impulse systems appraoch

Improvement of the input delay approach
Th 2: [Nagahshtabrizi, SCL. 2008]

The system is asymptotically stable if there exist P, K, X positive definite
matrices and a matrice N that satisty:

AL L. M o U oand

[M] o ]

—Trmau R

where

51
My =2[POFF —[I —I"(Xq[I — 1] +2X:[01]) —2N[I — I+ Timae FTRE
) 1]

VI(t) = 2T (@) Px(t) 1 [ (Trmax —t 1 5)27 (s)Ra(s)ds

- e e e T . _
421 — () (2(t) — :B(]:f;c))TXgm(tk) > (7(t) = 1)

Theoretical bounds 1.729
Theorem 1 (periodic or not) 0.8696

Theorem 2 (aperiodic) (Xo> = 0) | 1.1137 Better but still
Theorem 2 (periodic) 1.3277 conservative




_BE 3 Main result

Definition of a more appropriate piecewise continuous L KF

V'(t) = 2T () Px(t) +|f; (Tmaw — t + 8)2T (s)Ri(s)ds
+(Tmax —7(1)(@(t) — @(te)" X (a(t) — o(tr))
+2(Tmaz — 7(8))(2(t) — (tr))" Xow(tr)

We introduce tg B Tmaz "~ T(t) 7(s)
V'(t) = 2T (1) Px(t) + ;. + (s)Rit(5)ds
) (tk))TXl( ()—w(tk))

‘|’(Tmaw —7(t ))(x(t
+2(Tmaz — 7(0)(2(t) — z(tx))" Xoz(tk)

V'(t) ) + ft (s)Ri(s)ds —|V'(t) > V(¢)
> . ,
V(¢ ) = V(1) +’T( )2! () Ra(t) —(V'(t) = V(¢)

.



3. Main contributions : asymptotic

Theorem 3

Assume that there exist symmetric positive definite matrices P, R and S; €
R™ ™ and two matrices S5 € R**™ and N € R?"*" that satisfy
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Same type

+2(T — 7(t))(x(t) — x

Theoretical bounds 729

.8696
1137 & 1.3277
.19

Theorem 1 (periodic or not)
Theorem 2 (aperiodic (X> = 0) & periodic)
Theorem 3 (aperiodic & periodic) (similar to [Fridman, Auto.10])
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3. Main contributions : &

Proof of Theorem 3:

Consider V(t) =2t (t)Px(t) + (T —7(1)) [ t’; ! (s)Rx(s)ds
H(T — 7)) (@(t) — 2(tg))" Si(x(t) — 2(tr))
+2(T — 7(t)) ((t) — 2(tx))" Saz(ts)

Vis for periodic samplings and
for aperiodic samplings. The differentiation leads to

V(t) =T (t)[2M1PMy — MY S My — 2MT Sy M,

(5@) _ [ x(t) D +(T — 7(t)) MT (RMo + 251 M5 + 25> M>)£(2)
z(tx) — Ji @7 (s)Ri(s)ds
Noting that for all N:  — [ &T(s)Ri(s)ds < €T (t)[-2N Ms + r(() NRINT¢(),
We obtain vr(t) € [0 T7, V(f; ) < 5T(t) [LI(7(£))]€(¢)
where I(r(&) =1L +|(T — 7O, + 7(6)(NRINT — 1I,)
As II(7(t))is with respect to 7 (), the conditions I1(0) < 0 and

II{7T) <0 ensurethat VY7 (t)e[0T], V({,z:) <O.



3. Main contributions : Extension to

Theorem 4

For a given o« € R/{0}, assume that there exist symmetric positive definite
gl B B8 B e nallc 5 N
that salisly
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and the same matrices My, My, My and Mj3. The functions f, and g, are
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The system is thus exponentially stable with an exponential decay rate o for a
constant period T.

Sketch of the proof:
Ensure that V() +2aV(t) <0 < e 200 t)V/ (¢,

With an appropriate | fo(T,7) = (2177 — 1) /2 — (T, 7) = (T — 7
function fa )+ 2af (T 7) =



3. Main contributions : Red

Additionnal conditions to the LMI variables
Based on the same functional and the same LMI

V(t) =" (H)Pa(t) + (T —7(t)) [, #"(s)Ri
+( (1)) (@ (t)—w(tk))T&(w(())—

\ds I, | fu(T,0)0ls < 0,
t t
+2(T (1) (2(t) — x(tg)) Sox(t

K)) ﬂ[ll:> [H1 9o (1, T)N ]<07

(s
i . —ga(T.T)R

Theorem4 B ke 08 ol v, =  V(t) >0
. PJrfa(T, T)Sl fa(T, T)(SQ — Sl)
o o [ fEcer Babienncil iy ] ot

Similar to [Fridman, Automatica 2010]

V(t) = T (OILE) + fulT,7) [, @ #(s)ds > 0

P A fo(T,7)(S1 + R/T) fo(T, 7)(S2 — 51 — R/T)

Theorem6 1l = [ Al es 8 B s s o LR ] _

Similar to [Fridman, Automatica 2010]

V(L) = N (OIE(L) + fo(T ft #(s)ds > €T ()ILE(L) > 0




S Examples

z(t) = { 8 —(1).1 ] z(t) + { —0.0375 —1(?15 ] ()

Theoretical bounds 1.729
Theorem 1 (periodic or not) [Fridman et al. 2004] 0. 8696
Theorem 2 (aperiodic (X o = O) & periodic) [Nagahshtabrizi, 2008] | 1.1137 & 1.3277
Theorem 4&5 (aperiodic & periodic) 1.719
Theorem 6 (aperiodic & periodic) 1.720
Fridman, Automatica 2010 1.695

0.5(x'

''''' o with Th 4
- == with Th 5
— o, with Th 6




S Examples

i =] 3 0o a®+| 1 O |at)

Theoretical bounds ~3.2
Theorem 1 (periodic or not) [Fridman et al. 2004] 0. 99
Theorem 2 (aperiodic (X> = 0) & periodic) [Nagahshtabrizi, 2008] 1.28 & 1.61
Theorem 4 (aperiodic & periodic) 1.99
Theorem 5&6 (aperiodic & periodic) 2.51
Liu et al. 2009, Fridman 2010 (aperiodic & periodic) 2.53 & 2.03
o
2 ! '. ! '. ! !
i 1 ' |- o with Th 4
.51 - = = with Th 5 ]
. | awith Th 6 |
05 .......................................................... ...................... ]
of — :
-0.5 i - i i (- - - -
0 0.5 1 1.5 2 25 3 3.5 T



B3 Example : uncertain system

[Fridman et al, Auto, 2004], [Nagahshtabrizi, SCL. 20 08]:

i) = [ %% o[ e |[ 3658 ] st

where |g1| < 0.1, and |go| < 0.3

Theorem 1 (periodic or not) 0.35
Theorem 2 (aperiodic ( X = 0) & periodic) 0.44 & 0.46
Theorem 3 (aperiodic (X5 = 0) & periodic) [Liu et al, TDS'09] | 0.60 & 0.70




u 4. Conclusion

* Novel and less conservative stability conditions for sampled data systems;
» Estimation of the convergence rate of sampled-data systems
o Stability of systems with uncertainties (Const. or TV)

* Precise the case of aperiodic sampling
[submitted to Automatica]

- AV, <0 gm  V(s) <O
AV =Vip1 — Vi = f;, "1 V(s)ds  Discrete Lyap. Th. =22 Cont. Lyap. Th.

8(1)= t-t +h,
4 T T

sInclude additional input delays (NCS)
[submitted to CDC’10 and Necsys’10]

z(t) = Az(t) + Agz(ty, — hy)

«Systems with several periods
(including packet losses)
[submitted to Automatica]
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