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Smith /Jacobson normal form

e Let D be a principal left/right ideal domain.
e Example: R[s], K(9), K differential field (e.g., Q(t), R{t}[t7!]).

¢ GL,(D)={UeDP*P |3V eDPP: UV=VU=L}

e Theorem: V R € D9*P, 3V € GL4(D), 3 U e GLy(D):

g 0 ... ... 0 ... 0
0 a : :
R=VRU=1 0 .. 0 a 0 ... 0 [
0 0 0
0 0 0
where aq || az||...]]ar #0  (see, e.g., Kailath 80, Cohn 03).

Alban Quadrat Reduction and decomposition



Example: Smith normal form

e Let us consider 2 pendulum of the same length mounted on a car:
X1(t) + axi(t) — au(t)
X(t) + ax(t) — au(t)

0, I
a =g/l
0,

e Let us consider the principal ideal domain D = Q(«)[0].

P:ZaiﬁieD, ai € Q(a), 9dy(t)=y(t).
i=0
—a 0 0%+« 0 —«
-1 1 0 P+a —a
B 1 0 0
M0 84a 0/

Alban Quadrat Reduction and decomposition



Example: Jacobson normal form

e Let us consider the time-varying linear system:

ty(t) — ya(t) — 2 ya(t) + w(t) =0,
yi(t) + tya(t) — ya(t) + ua(t) = 0.

e Let us consider the principal left ideal domain D = Q(t)(0).

00 1 0

td—1 —t?9 1 0 0 0 0 1
o t6—-1 0 1 1 0 —td+1 29
01 -0 —to+1

(1 000
~\0 100/
e Implementation in the Maple package JACOBSON (Culianez, Q.).
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Rings of ordinary differential operators

e Ordinary differential equations: (Boole 1859)

n ) n )
Z ai(t)y(t) =0 & (Z ai(t) 8') y(t) =0,
' i=1

d .
Oy X =000, a=al) aiy—ay,

= noncommutative polynomial rings of OD operators:

Product: (ibj(t)af) (ia;(t)&’) :rgznck(t)ak

j=0 i=0 k=0

(D0a)(y) = 0(aly)) = Day) = L(ay)=a XL + &2,

dt dt dt
da 0., da
—(ao8+dt>(y) = da_ad+dt.

Alban Quadrat Reduction and decomposition



Rings of functional operators

@ Ordinary differential operator: (Boole 1859)

dy

0: —

Camal) ayay 200 = (204 5) )
@ Shift operator: (Boole 1872)
0. Yn = 0(¥n) = ¥nt+1, @=1(an)neN, 2 Yn ' anYn,
(0 a)(yn) = d(a(yn)) = 9(anyn) = 0 (anyn) = ant1Ynr1 = (0(a) 9)(¥n)-
@ Time-delay operator:

Oyr—0(y)=y(-—h), heRy,

(9a)(y) =0(a(y)) = 0(ay) =6 (ay) = a(-—h) y(-—h) = (6(a) O)(y)-
@ Euler, Frobenius, difference, g-difference, g-shift, g-dilation. ..
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Skew polynomial rings

e Definition (Ore 33): A skew polynomial ring A[9; a, (] is a
noncommutative polynomial ring in 0 with coefficients in a domain
A satisfying

Vae A 0a=ala)d+ [(a),

where «: A— A and : A— A are such that
a(l) =
a(a+ b) = a(a) + a(b),
a(ab) = a(a) a(b),

i.e., a is an endomorphism of A and [ is a a-derivation of A.

e P € A[0;a, 3] has a unique form P = >" (2,0, a; € A.

~—_ =

fla+b)= (a) B(b),
plab) =«

o Ring of ordinary differential operators: A [9;id, &].
@ Ring of shift operators: A[0; 4, 0], A[9;0,0].
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Ore extensions and Ore algebras

e We can iterate skew polynomial rings to get Ore extensions:

A[al; g, ﬂl] o [8,,; Qn, ﬁn] —
(((A[01; a1, £1])[02; a2, B2]) - - ) [On; cny Bnl-

e Definition (Chyzak-Salvy 96): A[01; a1, 1] - . . [Oni aun, Bn] is called
an Ore algebra if the 0;'s commute, i.e.:

Vi,j=1,...,n, 0;0; = 0;0;.
@ Ring of differential operators: A [al;id, 8%1} [6,,; id, 8%"].
@ Ring of differential delay operators: A [81; id, %] [02; 9, 0]:
(0201)(y(1)) = 02(y (")) = y(-—h) = Ou(y(-—h)) = (81 D2)(¥(-)).
@ Ring of multi-shift operators: A[01;01,0]...[0n; 0n,0].



Matrix of functional operators

e Wind tunnel model (Manitius 84):
x1(t) +axi(t) —kax(t—h)=0,
Xo(t) = x3(t) =0, (*)
x3(t) + w? xo(t) + 2w xs(t) —w? u(t) = 0.
o Let D = Q(a, k,w)[0, 0] be the commutative polynomial ring:
Ix(t) = x(t), Ix(t)=x(t—h).
(90)(x(t)) = O(x(t — h)) = x(t — h) = 6(x(t)) = (6 9)(x(t))-

e The linear differential time-delay system (x) can be rewritten as:

t
d+a —kas 0 0 a(t)
Xz(t) _
0 ) -1 0 o | =°
X
0 W 04+2¢w —w? 3
u(t)
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Noncommutative Grobner bases

e Theorem (Kredel 93): Let k be a computable field (k = Q, Fp),
A=kl[x1,...,xs] and D = A[O1; a1, (1] - - . [Om; @m, Bm] such that
ai(xp) = aj xj + by, Bi(x;) = ¢,

for certain aj € k\ {0}, bjj € k, cjj € A and deg(c;) < 1.
Then, a noncommutative version of Buchberger's algorithm
terminates for any term order and its result is a Grobner basis.
e Possible extensions to the case of A = k(xy,...,X,).

e Implementation in the Maple package Ore_algebra (Chyzak).
e Grobner bases can be used to effectively compute over D.

e For more details, see Chyzak-Q.-Robertz, Effective algorithms for
parametrizing linear control systems over Ore algebras, AAECC 05.
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Factorization, reduction and decomposition problems

e GL,(D)={U e DP*P |3V eDPP: UV =VU=I}
@ IR €DP, Ry € D" : R=Ry R, ?

Su S
GHWEGLP(D),VGGLq(D):VRW< Sl 5”)?
22

511 0
@ I W EGLy(D), VEGLy(D): VRW = "= _ |?
22

I, 0
0HWGGLP(D),VGGLq(D):VRW—<0 s )?
22

e Problem 4 is called Serre’s reduction (Serre 60-61).
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e Let F be a left D-module:
Vdi,deD, VA, heF: difi+drfheF.
o If R € D9*P, then we can define the linear system/behaviour:

kerr(R.) :=={n e F | Rn=0}.

QO R= R2 Rl = kery:(Rl.) - kel’]:(R.).

S Si2

9VRW—< 0 Sy

> =  cascade integration:

$20=0 = SuQG=-520@.
Q@ Sp=0 = ker}-(R.) = ker]:(Sll.) & ker]:(Sgg.).
Q S512=0&S11=1 = kerg(R.) = kerr(52.).



Algebraic analysis (> 60, Malgrange, Sato, Kashiwara. . .)

e Let D be an Ore algebra over a noetherian domain A, R € D9*P.
e Let us consider the left D-homomorphism (D-linear map):

Dqu _R> D1><p
)\:()\1 )\q) — AR.
e We introduce the finitely presented left D-module:
M = cokerp(.R) = DV fimp(.R) = D¥*P/(DV*¥ R).

e M is the left D-module formed by the equivalence classes 7(u)
of u € DY*P for the equivalence relation ~ on D*P:

n1~ 2 & J\e D9 w1 =2 + AR.
o Number theory: C = R[x]/(x?+1), Z[iv/5] = Z[x]/(x* +5).

o Algebraic geometry: C[x, y]/(x*> + y? — 1,x — y).



Duality: modules — linear systems

e Let {fx}x=1..p the standard basis of D*P (f, = (0...1...0)).
o Let 7 : D'*P — M be the D-homomorphism sending 1 to m(p).
e M = DYP /(D9 R) is generated by {yx = 7(fx)}k—1.. , and:

p
I=1,...,q, > Ruyk=0¢ Ry=0, y=(n... )"
k=1
e Let F be a left D-module and the linear functional system:
kerr(R.) :={n € FP|Rn=0} (behaviour).

e Let homp(M, F) be the abelian group of D-homomorphisms:
homp (M, F) i= {f : M — F| f(dy my + damp) = dy f(my) + do F(m2)}.
e Remark & Theorem (Malgrange 62): homp(M, F) = kerz(R.).



Example: Wind tunnel model

o Let D = Q(a, k,w)[0, 0] be the commutative polynomial ring,

0+a —kad 0 0
R = 0 9 -1 0 e D34,
0 w2 042(w —w?
and the finitely presented D-module M = D***/(D¥*3 R).
e This module was first introduced by Mounier 95.

o If 7 is a D-module (e.g., F = C*°(R)), then:
homp(M, F) = kers(R)={n=(x1 x u)l € F>| Ryp=0},ie.

x1(t) + axi(t) — kaxe(t —h) =0,
)'<2(t) — X3(t) =0,
x3(t) + w? xo(t) + 2Cwxs(t) — w? u(t) = 0.
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Homomorphisms and transformations

o R'e DI*F', M =DYP /(DY R), 7' DVP — M
e Lemma: f € h91nD(M, M’) is (liefined by f(m(\)) = 7'(AP),
where P € DP*P and Q € D99 are such that:

RP=QR.
o If f € homp(M, M’), then we have (RP 17 = Q R'n/ =0):

*: kerg(R'.) — kerr(R.),
n — n=Py.

e homp(M, M) can be totally (resp., partially) computed if D is a
commutative (resp., noncommutative) polynomial ring.
e endp(M) := homp(M, M) is the internal symmetries of M

= Galois-like transformations of kerz(R.).

e Maple package OREMORPHISMS (Cluzeau-Q.).
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Contravariant left exact functor homx( -, F)

e homg(-,F): pMod® — Ab (or Vecy).

Modules Linear systems/behaviours

DYP /(D4 R) = M homD—("f)> homp(M, F) = kerx(R.)

I Tf
Dlxp'/(Dqu/ R/) — M/ M hOHlD(M/,f) =~ ker]:(Rl.)

Algebra “Geometry"”

Internal symmetries Galois-like transformations

prp/(DaRY =M 2T (M, F) & ker£(R.)
lf T F*

D*P /(D4 R) = M homD—("]:)} homp(M, F) = kerx(R.)
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Block triangular reduction

e Theorem (Cluzeau-Q. 08): Let R € D9%P, M = D*P/(D1*9 R)
and f € endp(M) defined by P and Q satisfying RP = Q R.
If the left D-modules

kerp(.P), coimp(.P) := D**P/kerp(.P),
kerp(.Q), coimp(.Q) := D9/ kerp(.Q),

are free of rank m, p— m, I, g — |, then there exist
U= (U] U])T €GLyD), V=(V

VP € GLg(D),
such that

= ViRW:; ViRW,
— -1 _ 1 1 Vi 2
R=VRU ( 0 VQRW2>’

where U™ = (Wy  Wh), Wy € DP*™ Ws € DP*(P=m) and:

Uy € Dm><p’ U, € D(p—m)><p7 Vi e DIXq, Vo e D(q—/)><q'
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Block diagonal decomposition

e Theorem (Cluzeau-Q. 08): Let R € D9%P, M = D*P/(D1*9 R)
and f € endp(M) defined by P and Q satisfying:

RP=QR, P’=P, Q*=Q = f>=F.
If the projective left D-modules
kerp(.P), imp(.P) = kerp(.(lr, — P)),
kerp(.Q), imp(.Q) =kerp(.(lg — Q)),
are free of rank m, p— m, I, g — |, then there exist
U=(U] U)T eGLy(D), V=(V{ V)" eGLy(D),
such that

R—VRU‘1—<V1RW1 0 >

0 Vo R W
where U™l = (Wy  Wh), Wy € DPX™, Wy € DPX(P=m) and:

Up € DmXp, U; € D(pfm)Xp, Vi e Dqu, V, € D(qfl)xq.



Block diagonal decomposition

e Corollary (Cluzeau-Q. 08): If D is either
Q D is a principal left ideal domain (e.g., Q(t) [9;id, %}),

@ D = k[x1,...,xn], where k is a field,

@ D =A[0;id, &], where A = k{t}, k=R, C, and:
rankp(kerp(.P)) > 2, rankp(imp (.P)) > 2, (
rankp(kerp(.Q)) > 2, rankp(imp (.Q)) > 2.

Q D = A,(k) or B,(k), char(k) =0, and (%),

and there exist P € DP*P and Q € D9*9 such that
RP=QR, P’=P, Q=Q,
then there exist U € GL,(D) and V € GL4(D) such that:

vrut=|[* %)
0 %
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Differential time-delay examples

e Mounier-Rudolph-Petitot-Fliess 95: 9 f(t) = f(t),0 f(t) = f(t — 1)

-265 2 +1 0 0 1
U=| 20(1-6) a6(62-1) -2 |, v_<2 5)’
-1 X 0

0 —006 -1 1 0 00
4 5 U= .
206 -0 (5 + 1) 0 010
e Dubois-Petit-Rouchon 99:
52 1 =206 52 -1 0 0
1 62 296 )" 0 1462 —496 )
e Petit-Rouchon 02:

o —98 ad?s a(1—6)(5+1) 0 0
952 -0 ad?s 0 (0% +1) 20025 |’
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PD examples

e Rotational isentropic flow (Courant-Hilbert): 4 (v?> — c¢?)a? =1

up Oy c2 0, 0 Oy —2aco, 0 0
0 c28y u p Oy ~ 0 Ox+2aco, 0
pOx udx poy 0 0 Ox

e Dirac equations for a massless particle:

s 0 o, 8y — 0, i03—8s —i0 — 0 0 0
0 oA —id + b i0; i0) — 8, 03+ 0 0 0

i3 91+ 05 —0, 0 ~ 0 0 P9340, 101+ 0

P01~  —ios 0 _ o, 0 0 P01 — 8 —id3+0s

e Coupled heat equations: ((a; — bp)?> +4ayb1)a? —1=0

i o (a1 + b2) 1
O — k2 — a —by N O — kO — ——0— + o~ 0
—a O — k&2 — by _(atb) 1

0 dr — k2 5 5
«@

e Wave/Cauchy-Riemann/Beltrami eqs, electrical line, ...
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Serre's reduction

e Theorem (Boudellioua-Q. 10): Let R € D9*P be a full row rank
matrix, i.e., kerp(.R) =0, and A € D9%(a=7) sych that

dUeGLpig—(D): (R —NU=(lg 0),
i.e., cokerp(.(R —AN)) is free of rank p — r. Then, we have

M = D1P /(D14 R) = DVX(0=1) /(D1*(4-) Q).

S
where U = 1 O , @ € DP*(P=r) and @, € D(a—")x(p=r),
S @

The converse result holds. The results depend only on:
p(N) € exth (M, 91X(q—r)) o DqX(q—r)/(R DPX(q—f))'
e Corollary: kerr(R.) = kerz(Q2.) = {¢ € FP~ | Q¢ = 0}.



System equivalence

e Theorem (Boudellioua-Q. 10):

@ If A € D991 admits a left inverse, then the left D-module
kerp(.@1) is stably free of rank r:

kerD(.Ql) ) D1><(p—r) =~ D]'Xp.

@ If the left D-module kerp(.Q1) is free, then 3 Q3 € DP*" such
that W :=(Qs Qi) € GL,(D). Then, we have:

I, 0

VIRW =
0 @

), V:=(RQs A)e GLy(D).

The converse of this result holds.
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e Corollary (Boudellioua-Q. 10): If P= (R — A) € DIx(p+1)
admits a right inverse, i.e., PS = I, and

@ D is a principal left ideal domain (e.g., Q(t) [8;id, %}),
@ D = k[x1,...,xn|, where k is a field,
Q@ D=A [a;id,%], where A= k{t}, k=R, C,and p—r > 2,
Q@ D = A,(k) or B,(k), char(k) =0, and p —r > 2,
= JUEGLyq,(D): (R —NU=(lg 0)

e Corollary (Boudellioua-Q. 10): If A € D9*(9=") admit a left inverse
and D is either 1, 2 or 3 and 4 with r > 2, then there exists
Q3 € DP*" such that W :=(Q3 Q1) € GL,(D) and:

VTIRW = diag(l,, Q), V:=(RQs NA) € GLy(D).
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Serre's reduction based on holonomy

o Theorem (Cluzeau-Q. 10): Let D = A[9;id, 4], where A = k{t},

k=R, C, and R € D9*P be a full row rank matrix.
Q If p— g >1, then there exists Q € D1*(p=a+1) gych that:
M = D> (P=a+1) /(D Q), kerz(R.) = kerr(Q.).
@ If g > 3, then there exist W € GL,(D) and V € GLg(D) s.t.:
VIRW = diag(ly_1, Q). (%)

e Corollary (Cluzeau-Q. 10): Every locally analytic linear OD system
with at least 1 input is isomorphic to a locally analytic linear ODE.

If the system is defined by at least 3 equations, then (%) holds.
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String with an interior mass (Fliess et al, 98)

¢1(t) + 1 (t) — Pa(t) — a(t) = 0
)

( (
*) $1(t) + a1 (t) + m ¢1(t) — m 1 (t) — m2 a(t) + m2¢ha(t) =0,
¢1(t — 2 hy) + h1(t) — u(t — h1) =0,
() + 2t — 2 hy) — v(t — hp) = 0.
1 1 -1 -1 0 0
V-1 o+m Oh—m —m m 0 0 W
82 1 0 0 -& 0
0 0 1 2 0 -8
1 0 0 0 0 0
0 1 0 0 0 0
" oo 0 0 o |
0 0 0 Ov+m+m 2md 2mnds
(%) & z1(t) + (m +1m2) z1(t) +2m1 z2(t — h1) + 212 z3(t — h2) = 0.
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String with an interior mass (Fliess et al, 98)

The unimodular matrices U and V are defined by:

1 0 0 1 0 0
0 -1 0 - 0
o0 1 0 O —05
U= :
0o -1 -1 1 0 &3
0 0 0 & 03-1 0
0 -03 —05 93 0 B-1
1 0 0 0
03 0 -1 0
V =
0 0 0 1

BOr—m+m)—0—m 1 —01+m—m 2m
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A model of a two reflector antenna (Mounier et al, 97)

0 —Ki 0 0 0 0
K>
0 o ?e 0 0 0 0
0 0 0 —Ki 0 0
R = K,
0 0 — 0
0 d+ T, 0
0 0 0 0 0 —Ki
K>
0 0 0 0 0 0+ —
+ T.

JX e HX e HX e

R ~ diag(h, S, S, S),

S=((T-0+K) 0 (Kp+2Ke) (Ke—
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A model of a two reflector antenna (Mounier et al, 97)

V-IRW =
1 00 0
01 0 0
0 0 1 0
0 0 0 (Ted+Ka)d (Kp+2Ke) (Ke—Kp) 6
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
(Te0+Ka) 0 (Kp+2Ke) (Ke — Kp) & 0 0
0 0 (Ted+K2) & (Kp+2Ke) (Ke — Kp) 6
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A model of a two reflector antenna (Mounier et al, 97)

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
Te 0+ K
vo | =212 0 0 0 0
Ky Te
Te 0+ K
0 egr 0 0
Ki Te
Te &+ K;
0 0 0 e
Ki Te
W=
0 0 0 Ki Te 0 0 0 0 0
—Kt 0 0 Ted 0 0 0 0 0
0 0 0 0 0 Ki Te 0 0 0
0 —K! 0 0 0 T d 0 0 0
0 0 0 0 0 0 0 Ki Te 0
0 0 N 0 0 0 0 T d 0
0 0 0 0 Te (Kp + Kc) 0 —Kc Te 0 —Kc Te
0 0 0 0 —Kc Te 0 Te (Kp + Kc) 0 —Kc Te
0 0 0 0 —Ke Te 0 —Ke Te 0 Te (Kp + Kc)
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Maple packages

e OREMODULES = JACOBSON (basis computation)

e OREMODULES = QUILLENSUSLIN (basis computation)

e OREMODULES = STAFFORD (basis computation)

¢ OREMODULES = OREMORPHISMS (factorization,
reduction and decomposition)

e OREMODULES = SERRE (Serre's reduction)

(in development)

e The philosophy of OREMODULES and OREMORPHISMS have
largely been extended in the homalg package (Barakat) of GAP 4.

= Future implementation of these packages in homalg.

= Efficient computations (e.g., Singular, Macaulay2, Maple).
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