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Rappel de la problématique non linéaire

exemple sans retard

On calcule toujours le noyau a gauche

2
[1 _xz]: dx; — x,dx, = d(x, _%)

D’ou, un état “hon commandable” ©

2
d(xl—%)/dtzo
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Rappel de la problématique non linéaire

exemple avec retard X(t) = % (=) (1)
1

On calcule toujours le noyau a gauche

[ —x, (=D |=dx, (1) = x, (1 = 1)dx, (1)

Non intégrable ®

Et tout devient “commandable”
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Rappel de la problématique non linéaire

exemple avec retard xz (t . l)l/l(t _ 1)

x(t)=
(t) ()
On calcule toujours le noyau a gauche
[1 — X, (¢ - 1)5]: dx, (1) —x,(t —Ddx,(t 1)

intégrable ©

D’ou le nouvel état “non commandable”

d(xl(t)—xzz(tz_l))/dt:o
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Outils dans le cas sans retard

Lemme de Poincaré

Théoréme de Frobenius

Pas d’'équivalent dans le cas avec retard
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The Class of Systems

#(t) = F(x(t), - -x(t —sD)) + Y Gj(x(t), - -a(t — sD))u(t — jD)

7=0

x € R", u € R, F(x(t),...x(t-s)), Gj(x(t),...x(t-s)) smooth loc.
around X,

sD = maximum delay

Assumption: The delay D is unknown and constant=>

Sooa(t) = F(xp)+ éOGj(X[s])U(t—j)

X = (@' (t), 2" (t—s))
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Notations (1/2)

e K: field of meromorphic functions of a finite number of symbols in
{x(t — i), u(t —i),u(t —1),...,uF(t—1i),i ke IN}

ft)=z(t)x*(t—2) € K
o &=span{dx(t—1i),du(t—1i),du(t —1),...,du®(t —i),i,k € IN}.

e d: I — & differential operator

df (t) = 2z(t)x(t—2)dx(t—2)+22(t—2)dz(t) = 22 (t)x(t—2)6%dr+22(t—2)dx

e 0 : backward time-shift operator:

oa(t)df(t) = a(t—1)odf(t) =a(t —1)df(t—1),  a(),f(-) ek

e deg(-) is the polynomial degree in ¢ of its argument.
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Notations (2/2)

e K(6] is the (left) ring of polynomials in é with coefficients in K.
K] 2 a(d] = ag(t)+ar(t) 6+ - +a,, (t) 0™, «; € K, where r, = deg(a(d]).

Addition: a(8] + B(5] = SV (0, (8) + Bi(2)) 5
Multiplication a (8] 3(8] = -7 Y570 cui(t) B (t — 1)6*H.
[Xia, Marquez-Martinez, Zagalak, Moog, 2002].

o A =spang{ri(-,9),...,7s(-,9)}

. x[j;] = (z'(t), -2’ (t — s)) and x5 (—p) = (&’ (t —p), -z’ (t — s — p));
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Nonlinear Time Delay Systems

S

ooat) = Fxp)+ 2 Gilxgs)ult — )

j=0

The associated differential form representation is

EL Ldr = f(x[s]> u[s], 5)d£€ -+ g(x[s], 5)du
e ey 0) = 833 tx_[sz o + Zu (t— 8:13 t}i[sz]

9(x[s),0) = ZGj(X[s])5]
1=0

11/26 - Califano, Marquez-Martinez, Moog SAR 24 Novembre 2010




Bicausal Changes of Coordinates

Definition 1: z = ¢(Xja), @ € K™ is a bicausal change of coordinates for

Yo o2(t) = F(X[s])+§Ga‘(X{s})u(t—ﬁ

if 3¢ € IN integer, and ¢~ (zyy) € K" s.t. z(t) = ¢~ (z(g)-

z(t) = ¢~ (z(). j=0
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Bicausal Changes of Coordinates -Properties

N
N
N
—
|
|

gb(x[a]) ey dz =T (X[W],(S) dx

ZT x)|g-1(y " (z(—i)) =0,  Vk>1.
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Linear Equivalence - Problem Formulation
¥ oa(t) = F(xpg)+ ZO Gj(x(s))u(t —J)
]:
X € R", u € R, s=max. delay, F(.), G,(.) smooth F(x,)=0.

Find if it exists z=®(x) bicausal s.t. in the new variables
[ [
f= Ajz(t—j)+ Y Bjult —j)
j=1 j=1

for some suitable matrices AJ-, BJ-
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Nonlinear Time delay Systems

Problems

1-when a unimodular matrix represents the differential
of a bicausal change of coordinates?

2-how can we compute the bicausal change of
coordinates which solves the linear equiv. Problem?

Delay free case: key tool G, ;:=span{g, adfg, adf”'lg}

rank G, =n + nilpotency condition + cond. on adf”’g

3- Who is ad/g for delay systems ?
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The Extended Lie Bracket operator

Definition 2:

The Exte
over R(i+1

)d7.

ymponents
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Nilpotent Submodules

S

A = SpanlC(é] {Tl(X, 5)7 Ty (X> 5)} Tl (X’ 6) — z Tf <X)5t
t=0

Given x¥ = (2°(t), 2t — 1)1, -2t — )T

Definition 3: A is nonsingular locally around x° if

rank(A(x)) =4, Vx €Uy

Definition 4: A nonsingular locally around x°, is nilpotent if

["‘f(‘)»Tp(°)]E,2s = 0, Vit <p € |[0,2s].

)
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Nilpotency - Interpretation

rO(x)  rl(x) r2(x) s (x) 0 0 0
0 7x(=1)) rix(-1)) r T (x(-1))  r*(x(-1)) 0
0 0 r0(x(-2)) r 2 (x(=2)) rTHx(=2)) r*(x(-2))
0
0 0 7x(=s))  r'(x(=s) r*(x(-s)) r(x(—s))

Consider Rk (x) = Z[r’?"i(x(—z’))]T 2

. . l k
Verifying 2B: pk _ 985 pi _ o for k,I1=0,...,2s, ensures
y g axe .R‘7 axe R'L — O )

that it is satisfied for any index
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Bicausal Change of Coordinates

Theorem 1: Given T(x,0) = [r1(x,0), - ,Tn(x,0)] € K"*™(J]
of full rank locally around x.

Then 3z = ¢(x) bicausal with dz = T~ 1(x, §)dx iff
i) T'(x,6) is unimodular
ii)A = spany5{r1(x,9), -+ ,rn(x,d)} nilpotent: Vi, j € [1,n]

i (%), ()] i = 0

(equivalently [r; (%), 77 (x)]go = 0) Vi < k € [0, 25]
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Accessibility submodules (1/2)

Set g1 (X[s] ’ 5) — g(x[s] ) 5)

Ik (X[, ue],0) = f(X[s), Us), 0)gr—1(X[s]> U[s]5 0) — Gr—1(X[s], U], 0), k > 2

Definition 5: Accessibility submodules

Ri := spang191(x,0) -~ gi(x,u,0)}, 1 > 1

Proposition 1: If g;11(x,u,0) € R;
then V7 > 1, i+ (X, u, (5) c R;.
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Accessibility submodules (2/2)
Proposition 2: Under z = ¢(x|4)) bicausal, with dz = T'(x, 0)dx

gj (Z> u, 5) — [T(Xv 5)gj (Xa u, 5)] I<jy<n

x=¢~1(z)"

[g';f(z, u)agi(zv u)]E’& — (Fl_i (X) [glg(xa u)agi(xa u)]Ei)|x:¢—1(z) , k<l

(T0(x) Tlx) .--  THix)

. 0 TO(x(—1 coe T lix(—1
P (x) = | (x(—1)) (x(—1))
\ 0 0 TOx(=1+1)
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Properties of Strongly Accessible LTDS

1) gi(-,0) = g:(d) = A*=1(8)B(9),
z=P(x) bicausal preserves the independence on u
2) Ry (x) = (B(9), A(0)B(9), - - - A»~1(0)B(9))

z=P(x) bicausal preserves strong accessibility that is full
rank and unimodularity of the accessibility matrix

3) gn+1(9) = A™(0)B(9) = 2 9:(0)ci(9)
Under z=®(x) bicausal g",,f} is still a linear combination of
the g;'s through the same coefficients c,(d)

4) z=P(x) bicausal preserves the nilpotency of
Rn(x) = spang (s {B(9), A(6)B(9), - - A"~ 1(6)B(0)}
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Linear Equivalence of Time delay systems

Theorem 2: System (1) is equivalent, under a bicausal change of coordinates,

to a linear strongly accessible delay system if and only if

a) for 1 <i <mn, g;(-) := 9i(x,9)

b) Rp(x) = (g1(x,9), - gn(x,0)) = T~ 1(x, ) is unimodular
¢) gni1() € spanpe{91(x,9), - gu(x,8)}

d) fori,j € [1,n] and r < k € [0, 2], the following relation are satisfied
97 (%), 97 (x)] 25 = 0
with gi(x,0) = g7 (x) + g/ (x)0 + - - - g7 (x)°.
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An Example (1/2)

c1(t) = t) + 2zo(t — Du(t — 1
Consider the Dynamics “1(t) z2(t) + 222(t — L)u(t — 1)

T2(t) = wu(t)

(0 2x9(t —1) (1 -
gl_(l)_'_( 0 ){5392_(0);5’3—0

g3 € spang 5191, 92}

The accessibility matrix is thus unimodular and given by

R(x) — (2;1‘.2(1‘,1—1)(5 (1))
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An Example (2/2)

(0 1| 2z2(t—1) 0 \
1ol o o
0 1| 22a(t —2) 0
\ 1o o o
0 1
T(x,6) = R™'(x,0) =
1 -2$2(t—1)5

21(t) = u(t)

22 (t) — Z1 (t)

|

mm) (9 9;]p0 =0

iIs the diff. Repr. of the
bicausal change of coord.
Z,4(t)=x5(t)

Z,(t)=x,(t)-[x, (-1)]?
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Conclusions

« We have introduced the Extended Lie Bracket to deal
with nonlinear time delay systems

« It has been successively used to define the
conditions for the equivalence to a linear strongly
accessible time delay system

« This operator seems suitable to define the conditions
for the solutions of classic control problems such as
feedback linearization, equivalence to canonical
forms, etc...
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