Delay-dependent sampled-data control based on
delay estimates

L. Hetel (1), J. Daafouz (2), J.P. Richard (1,3), M. Jungers (2)

(1) LAGIS, UMR FRE 3303
(2) INPL, CRAN UMR 7039
(3) INRIA, Projet ALIEN, France

SAR - 26/11 2010



Outline

Introduction and Problem Formulation

System Modelling

LMI conditions

Conclusion



Motivating problem : Digital control

Classical control loop
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fig. from Zhang, et al. , IEEE Contr. Syst. Mag. 2001

Ideal Hypothesis :

» Sampling and actuation are periodic and synchronous



Motivating problem : Digital control over networks
Classical control loop
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Real-time problem : the system is affected by timing problems
» sampling jitter (sensor, multitasking processors)
» delays jitter (e.g. network delay)

(Wittenmark, Nilsson, Torngren, 1995)



Existing work

Continuous-time :
» Hespanha, Naghshtabrizi, Proceeding IEEE, 2007

Discrete-time :
» Zhang, Branicky, Phillips, IEEE Contr. Syst. Mag. 2001



Delay compensation method (Zhang et al., 2001)
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fig. from Zhang, et al. , IEEE Contr. Syst. Mag. 2001

Continuous-time model
x(t) = Ax(t) 4+ Bu(t), 7« € [0, T]
Delay effect on control

u(t): Ux_1, Vte [kT,kT-l-Tk)
Uy, VtE[kT+Tk,(k+1)T).



Delay compensation method (Zhang et al., 2001)
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Discrete-time model with delay :

Xk4+1 = Agxi + Q(T — Tk)Buk + (Bd — Q(T — Tk)B) Upk—1

T T
Ay =T, By :/ e**dsB, Q(r) ::/ e’ ds.
0 0



Delay compensation method (Zhang et al., 2001)
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» Assumption : the value of the delay 74 is known
» Idea : use the information for estimating x(kT + 74)

Tk
Xk = x (kT +74) = ek X +/ e dsBuy_1
0



Delay compensation method (Zhang et al., 2001)
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» Delay-dependent control law

Tk
uy = K)_(k = Kx (kT + Tk) = KeATka + K/ eAstBUk_]_
0



Delay compensation method (Zhang et al., 2001)
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» Closed-loop system at actuation times (delay free system)
(TH7hy1—7k)
Ris1 = (eA( TH7e1=7) 4 / e dsBK | xx
0

(easy to check stability when the delay is constant )



Delay compensation method : practical problems

» the delay is not constant = difficulty in the choice of K

(TH+7r1—7%)
Xkr1 = eA(T+Tk+1_Tk)+/ e dsBK | %«
0

= O(T + 741 — )X (LTV model)
» the delay values is not exactly known
Tk = Ti + 07k

with bounded error 674



Delay compensation method :

1) Delay variation

7 = 0.006s
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Delay compensation method : practical problems

1) Delay variation

1035 0 33.6
A= [ 0 435 ] B = [ “51 ] , K= —[457 3.02]

T =0.012s



Delay compensation method : practical problems

2) Uncertain delay knowledge :
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Delay compensation method : practical problems

2) Uncertain delay knowledge :

uncertain case
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F1G.: Evolution with uncertainty : d7x = T/10

1035 0 33.6
A= [ o s } B = [ 1 ] K = —[10 0.13]

T = 0.005s



Goal

Provide a robust delay compensation method !



Goal

» Control law in (Zhang et al., 2001)

Tk
u(t) = Ke'x+ K / e**dsBuy_1,
0
= Ku(7)xk + Ku(Tk)uk

Vit € [kT+Tk,(k+1)T+Tk+1)

(complex structure = difficult design problem)

» Proposed delay-dependent control law
k1 = Ke(Fi)xi + K9 (Fie)uie + Ko (F) -1

Goal : provide LMI for robust design!



Open-loop model

» Discrete-time model (integration over a sampling period)

Xk+1 = Agxk + Q(T — Tk)BUk + (Bd — Q(T — Tk)B) Ug_1

T T
Ag=e*T, By :/ e**dsB, Q(r) ::/ e"*ds.
0 0
» Control law
Ugyl = Kx(f'k)xk + KB(?k)uk + K&(f'k)uk_l

with
Tk = Tk + 57—/0 0Tmin < 0Tk < 0Tmax



Augmented state model

: [ Ak
Consider ny = [xk uy_q uk] :

My = A7)k + Bk
Delay-free LPV model

Ad Bd—Q(T—Tk)B Q(T—Tk)B

Alrk) =1 0 0 |
0 0 0
with
Vi = ]C(%k)T]k
and

|



Closed-loop model

Nk+1 = (A(Te) + BK (%)) nx
(depends both on 7y, and 7 = 74 + I7)

My = (A(Fi) + BK(Fx)) ik + EQ (67%) F(Fi) i

where

EQ (674) F(7) = A(1i) — A(7%)
and

oT
Q(o7) ::/ e ds.
0

Property : 3 v > 0 s.t. | Q(07%) |I< 2, V 07k € [0Tmins 6Tmax]



Parametric set of LMI

Theorem

The system is stabilizable if there exist a positive scalar A,
symmetric positive definite matrices S(-) and matrices R(-),G(-),
s.t. the following set of LMI is feasible :

G(O)+G'(0)—S(0) G (O)A(0)+TR(0)B" G'(0)F(9)

* S(04) — NEE'y? 0 >0
* * by

for all scalars (0,0) € [0, T]2. The control law is given with
K(76) = R(7) (G(7)) -

V(nk, 7) = 11k (S (7)) i

(Lyapunov function)



Quantization Approach

» Consider a gridding of the domain [0, T], in N subdomains
T

bounded by the values 8; = i x N

» Assumption : 7, is uncertain, but we know the range in
which we take values [0;,0;4+1) C [0, T].

» Use a finite set of controller gains K; for
Tk € [0i,0i41) € [0, T]

> 0Ty € [ = v st || Q07x) ||< A2

T
2N’ 2N



Quantization Approach

» Gridding of the domain [0, T], in N subdomains bounded by
T

the values 0; = i x N
» Finite set of LMI conditions

Gi+Gi=Si GA (M)H@éé g7 (M)
>0

2
S — \EE'~?
* A

i

v(i,j) € {0,...,N —1}2.

Ki=Ri(G)™",



Example of control design for the Quantization Approach

v

System

Az(Z _ab> and Bz(i),
with a=1and b= —-15
unstable open-loop matrix A, complex eigenvalues
A=1415/.
sampling period T = 0.09s.

No stabilizing state feedback possible (Hetel, 2006, IEEE
Trans. Autom. Contr. ; Cloosterman, Automatica, 2010)

v

v

v

fy — 1 — e_6Tmin

v



Example of control design for the Quantization Approach

a —b 1
A_<b 5 >and B—<1>,
with a=1and b= —15
» [0, T] is divided in 3 subintervals

» 74 € {0.015,0.045,0.075}, 07min = —0.015, 07max = 0.015

» Gains

> System

Ki = [0.909.03 0.27 0.68],
Ko = [0.939.030.76 0.19],
Ks = [0.9591.07 —0.12]



Example of control design for the Quantization Approach

» System




Polytopic Approach

» LMI condition
G(0) +G'(0) —S(6) G'(OA(0)+R()B" G'(6)F(9)

* S(04) — )\EE”y2 0
* * Al

>0

(6,6,) €0, T)?

» Matrix with exponential uncertainty Q(7 —60) = _fOT_H e’*ds

0 0 |

Ay By—QT—0)B Q(T-0)B
{ 0 0 0 ]



Polytopic Approach

» Matrix with exponential uncertainty
T —0)= [ " e*ds,0 c [0, T]
» Polytopic embedding of exponential uncertainty

Q(T—@)EW:co{Ql,Qz,...,Qp}.

» for all € T the matrix Q(T — ) can be expressed as

Q(T-6) = Z 9)9,,Zu, )=1,1i(0) >0, Vi=1,.

i=

» the parameters p;(7), i =1,...,p represent the barycentric
coordinates of the matrix Q(T — 7) in the polytope W.

(Hetel, Daafouz, lung, IEEE Trans. Autom. Contr. 2006)

. p.



Polytopic Approach

» Matrix with exponential uncertainty

- T—0
QT —0) = / e™ds, 0 € [0, T]
0

ZM,H)Q,,Z,U,, )=1,u;(6) >0,Vi=1,...

» By convexity, it suffice to test the LMI conditions on the
vertex Q; = finite number of conditions

» Polytopic feedback

p . .
Uky1 = Z,u,'(?k) <K)'<Xk + Kgluk + K&Iuk_l)
i=1



Example of control design for the Polytopic Approach
Motivating Example (unstable under uncertainty and delay
variation)

1035 0 33.6
A= [ o _a3s } B = [ 1 ] T = 0.005s,

o7k € [—0.0015, 0.0015] .
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Conclusion

» LTI systems with feedback delay

» Numerical methods for the design of a delay-dependent
sampled-data state feedback.

» The controller is adapted in real time according to an
estimate of the delay value.

» Robustness with respect to the delay uncertainty
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Stability for the Compensation Method in Zhang, 2001

» Discrete-time model (integration over a sampling period)

Xk+1 = Agxk + Q(T — Tk)BUk + (Bd — Q(T — Tk)B) Ug_1

T T
Ay = T, Bd:/ e**dsB, Q(r) ::/ e’ ds.
0 0
» Control law
Tk
u = Kekx, + K/ e**dsBuy_1,
0
= Ki(7i)xk + Ku(Tk)uk

with
Tk = Tk + 57—/() 0Tmin < 0Tk < 0Tmax



Stability for the Compensation Method in Zhang, 2001

Augmented Model

Cht1 = A(Tk, Tk ) Cks

s v [ Ad+ QT = 7)BK(74) By + QT — 7)) B (Ku(#4) — 1)
AT, ) = [ K (7) Ku(74) ] ,

~ %k
Ck =[xk u’k_l]’, K (7)) = K™, K, (7%) = K/ e dsB.
0

A (71, 7 )PA(Tk, 7%) — P < 0, P =0



	Introduction and Problem Formulation
	System Modelling
	LMI conditions
	Conclusion

